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Zeros of Z-Transform Representation With
Application to Source-Filter Separation in Speech

Baris Bozkurt, Boris Doval, Christophe D’Alessandro, Member, IEEE, and Thierry Dutoit, Member, IEEE

Abstract—We propose a new spectral representation called the
zeros of z-transform (ZZT), which is an all-zero representation of
the z-transform of the signal. We show that separate patterns exist
in ZZT representations of speech signals for the glottal flow and the
vocal tract contributions. A decomposition method for source-tract
separation is presented based on ZZT. The ZZT-decomposition
consists in grouping the zeros into two sets, according to their loca-
tion in the z-plane. This type of decomposition leads to separating
glottal flow contribution (without a return phase) from vocal tract
contribution in the z domain.

Index Terms—Glottal flow estimation, source-filter separation,
spectral representation, zeros of z-transform (ZZT).

I. INTRODUCTION

THIS LETTER introduces a new spectral representation for
a signal: the zeros of z-transform (ZZT) representation. It

is defined as the set of zeros of the z-transform polynomial of
a discrete time signal. A systematic study of the ZZT of voiced
speech indicates that some patterns exist for the zeros. Here, we
show that separate patterns for the glottal flow and vocal tract
contributions appear on a ZZT representation of speech signals.
Then, one can design a spectral source-tract separation algo-
rithm based on ZZT-decomposition without any spectral mod-
eling.

The sections are organized as follows. In Section II, we define
the ZZT representation and discuss the patterns for ZZT rep-
resentation of the source-filter model of speech and windowed
short-time speech frames. Section III introduces an application
of the ZZT representation, a source-tract separation algorithm
named the ZZT-decomposition, and Section IV is dedicated to
conclusions and future work.

II. ZZT REPRESENTATION OF SPEECH SIGNALS

A. Definition of ZZT and the ZZT of Glottal Flow

For a discrete time signal with length , the ZZT rep-
resentation is defined as the set of roots (zeros) of the cor-
responding z-transform polynomial
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Fig. 1. Typical differential LF signal (a) Waveform. (b) ZZT representation in
Cartesian coordinates. (c) ZZT in polar coordinates. (d) Amplitude spectrum.

provided that is nonzero.
According to the well-known source-filter model for speech,

voiced speech signals are produced by exciting the vocal tract
system by periodic glottal flow signals. The most widely ac-
cepted model for the derivative of the glottal flow signal is the
Liljencrants–Fant (LF) model [1], where the signal is supposed
to be composed of two nonoverlapping parts: an increasing ex-
ponential multiplied by a sinusoid (2) and a decreasing expo-
nential function (3) (both functions are truncated to obtain a
one-pitch-period-size data).

(2)

(3)
A study of the location of zeros for exponential functions is

useful for studying ZZT plots of the LF signal. Analytically,
for a simple exponential function, all the roots (6) of the
z-transform polynomial (5) calculated for the signal
(4) are equally spaced on a single circle at radius (and
the zero on the real axis is cancelled by the pole at the same
location). For an increasing exponential , the zeros are
outside the unit circle, and for a decreasing exponential ,
the zeros are inside the unit circle

(4)

(5)

(6)
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Fig. 2. ZZT patterns for source-filter model of voiced speech.

The ZZT representation of the LF signal, shown in Fig. 1,
contains two groups of zeros: a circle inside the unit circle and a
circle outside the unit circle in Cartesian coordinates [Fig. 1(b)]
or a line below and a line above in polar coordi-
nates [Fig. 1(c)]. The group of zeros inside the unit circle is due
to the return phase, and the group outside the unit circle is due
to the first phase of the LF signal.

The sinusoidal component of the first phase is responsible for
the zero gaps located outside the unit circle on the wing-like
ZZT pattern [glottal formant zero-gaps on Fig. 1(c)]. These gaps
create, in turn, an anticausal resonance-like spectral peak that
can be observed on the amplitude spectrum [see Fig. 1(d), at
around 200 Hz for this signal], as discussed in [2], and on the
group delay [see Fig. 3(b)] as a negative peak. This is like the
effect of an anticausal pole at the frequency of the gap. This res-
onance-like peak on the spectrum carries all information about
the first phase of the LF signal [expressed in (2)] and is called
the glottal formant (Fg) in [2].

The return phase exponential component of the differential
LF function contributes to the ZZT representation by a group of
zeros inside the unit circle, aligned in parallel to the unit circle,
and the distance of these lined zeros to the unit circle is propor-
tional to the exponential decay coefficient. Again, there exists a
gap on the real axis [spectral tilt zero-gap on Fig. 1(c)]. Its ef-
fect on amplitude spectrum is a slope (spectral tilt) change for
the high-frequency part of the amplitude spectrum.

B. ZZT Representation and Source-Filter Model of Speech

In Fig. 2, we present the ZZT patterns for the source filter
model of speech for voiced speech. Each row presents the model
in one domain: time domain in the first row, ZZT representa-
tion (z-plane) in the second row, and log-amplitude spectrum
in the third row. The operators are convolution , union (U),
and addition . For simplicity, the lip radiation component is
included in the source signal as a derivation, resulting in a differ-
ential glottal flow signal on the second column. We now discuss
in detail the second row: the ZZT-representations.

The ZZT pattern for an impulse train is such that zeros are
equally spaced on the unit circle, with the exception that there

exist gaps at all harmonics of the fundamental frequency that
create the harmonic peaks on the amplitude spectrum. The lo-
cation of zeros for a truncated impulse train (7) with period
can be analytically found by finding the roots of its z-transform
(8). The roots of the denominator in (8) are expressed in (9),
and the roots of the numerator are expressed in (10). roots of
the denominator cancel roots of the numerator, resulting in

zeros for the impulse train z-transform, located on
the same circle, and zero gaps exist on the zero-circle at mul-
tiples of the fundamental frequency m/P

(7)

(8)

(9)

(10)

The zeros of the vocal tract filter response are mainly in-
side the unit circle, due to the decreasing exponential character
of this signal, and there exist gaps for the formant locations
that create formant spectral peaks. Again, we observe the wing-
like character for ZZT patterns of the vocal tract response, de-
pending on the location of the truncation point for the time-do-
main response.

C. ZZT of Windowed Synthetic Speech Signal

As for many other spectral analysis methods, the use of a
weighting window allows for a better visualization of spectral
features. A complete study on windowing effects to ZZT repre-
sentation would be very informative but is out of the scope of
this letter. We present in Fig. 3 an example of a synthetic speech
frame windowed synchronously with the glottal closure instant
(GCI) by a two-pitch-period Blackman window. The synthetic
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Fig. 3. Spectral representations of GCI synchronously windowed synthetic
speech fram. (a) ZZT representation. (b) Amplitude spectrum and group delay
function (scaled to be plotted together).

speech frame is synthesized by filtering an LF pulse with an
all-pole filter response.

The ZZT representation includes two lines of zeros: one out-
side the unit circle and one inside the unit circle with gaps cre-
ating formant peaks on the spectrum. The reason for this align-
ment is as follows: Once the window is placed such that the
increasing exponential part of a single speech frame [due to the
first phase (2) of the glottal flow signal] is multiplied with the
first half of the window, which is also increasing, and the de-
creasing exponential part (due to the vocal tract filter response
and the return phase of the glottal flow) is multiplied with the
second half of the window, which is also decreasing, the ZZT of
the resulting windowed speech has a pattern close to that of the
glottal flow (with additional patterns inside the unit circle due to
the vocal tract filter). Zeros of the glottal flow return phase are
combined with those of the vocal tract, resulting in a single line
of zeros. When the window is not centered on the increasing–de-
creasing function turning point, the ZZT-pattern is destroyed,
and zeros do not group on the two sides of the unit circle. There-
fore, GCI-synchronous windowing is necessary to obtain sep-
arate ZZT patterns for glottal flow first phase and vocal tract
(plus the return phase) contributions, which provides the oppor-
tunity to perform decomposition. In addition, a negative peak
due to the glottal formant is observed on the group delay func-
tion, at the frequency of the zero gap outside the unit circle [see
Fig. 3(b)]. Since the relative distance of the glottal flow zero gap
to the unit circle is much higher than those of vocal tract zero
gaps, we cannot observe a peak on the amplitude spectrum.

III. ZZT-DECOMPOSITION FOR SOURCE-TRACT SEPARATION

In Fig. 4, we present our ZZT-decomposition algorithm for
source-tract separation based on the characteristics of ZZT of
GCI synchronously windowed data. GCI detection is performed
with the technique defined in [3]. A Blackman window with a
size of two pitch periods and centered at GCI is observed to
be a good choice for the GCI synchronous windowing opera-
tion. Zeros are separated into two subsets based on their radius.
Computing DFTs for each group is straightforward using (11)
as follows:

(11)

Fig. 4. ZZT decomposition algorithm (DFT stands for discrete Fourier
transform, and UC stands for the unit circle).

The most important detail for the ZZT-decomposition algo-
rithm is a single zero on the real axis due to the anticausal por-
tion of the signal, which, in some cases, falls inside the unit
circle. This zero can be observed in Fig. 1(c) and the second row
second column of Fig. 2. No governing rule has been found for
the classification of this zero (inside or outside?), and a heuristic
approach is used for this problem; if no zero has been found on
the real axis in the range , then the closest zero on
the real axis to point is included in the set of
zeros outside the unit circle.

The effectiveness of the decomposition method was first
tested with synthetic speech. We have observed that the original
and estimated spectra for source and vocal tract contributions
are very close, and ZZT-decomposition is indeed capable
of separating source and vocal tract contributions to a high
extent (not completely, though, mainly because the vocal tract
response of the previous pitch cycle is also partially present in
the actual period analyzed; small variations due to vocal tract
formants are observable both on the time domain glottal flow
signal and its amplitude spectrum), and parameter estimation
can be performed effectively on the resulting signals. Here, we
present a real speech decomposition example in Fig. 5. The
speech frame is taken from vowel /a/, from the word “party.”
The actual amplitude spectrum of the windowed speech frame
is presented in Fig. 5(a), and the amplitude spectra of glottal
flow and vocal tract contributions obtained by ZZT-decompo-
sition are presented in Fig. 5(b).

The ZZT-decomposition procedure results in separating the
first peak as the glottal formant peak, and the rest of the formant
peaks are included in the vocal tract contribution part. This ful-
fils our expectation for the decomposition of this signal since
theoretical values of the formant frequencies for vowel /a/ are
in agreement with the formant peaks observed in Fig. 5(b). An
example of vowel /a/ is presented since it is a rather easy type
of signal for visual inspection of formant locations. For sounds
with low F1 (first formant) frequency, mid-low open quotient,
and high pitch, Fg and F1 peak share the same frequency region,
making visual inspections very difficult.

The ZZT-decomposition algorithm is tested in a parameter
estimation scheme for real speech signals due to the difficulty
of obtaining reliable glottal flow reference signals for compar-
ison through actual signals. A sustained vowel /a/ with flat pitch
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Fig. 5. ZZT-decomposition result for a real speech frame /a/ from “party.”
(a) Amplitude spectrum of the real speech frame. (b) Glottal flow dominated
and vocal tract dominated amplitude spectra.

Fig. 6. Comparing glottal formant frequency estimate with inverse of open
quotient estimate and f0 estimate (k = 115).

and decreasing open quotient has been uttered by one of the au-
thors, and EGG signals were recorded in parallel to obtain (Oq)
estimate (by using the algorithm in [6]) as reference. Glottal for-
mant frequency tracking is performed by picking the low-fre-
quency peak on the glottal flow dominated spectra obtained by
ZZT-decomposition. As discussed in [2], Fg location is mainly
defined by the pitch period and open quotient, and the effect of
asymmetry coefficient variation to Fg variation is rather minor.
For this reason, for our speech example with almost constant
pitch, we expect the Fg estimate to be highly correlated with

the inverse of the open quotient estimate. In Fig. 6, we present
our Fg estimate together with the f0 curve and inverse of the
open quotient estimate scaled with a constant. This example
shows that the ZZT-decomposition has the potential to be used
in studying some phonation variations in real speech signals.

IV. CONCLUSIONS AND FUTURE WORK

In this letter, we have presented a new domain of study: an
all-zero representation of speech named ZZT representation
and its application to source-filter separation of speech sig-
nals. Our ZZT-decomposition method provides two spectra:
a glottal-flow-dominated spectrum and a vocal-tract-domi-
nated spectrum. The decomposition is of high quality though
not complete: Return phase of glottal flow is included in the
vocal-tract-dominated spectrum. The contribution of the vocal
tract in the glottal-flow-dominated spectrum is observed as
ripples of low amplitude, while the contribution of glottal flow
in the vocal-tract-dominated spectrum is hardly observed. The
ZZT-decomposition was successfully applied in a parameter
estimation scheme and shown to be effective [4].

Some of the open problems related to the ZZT representation
are as follows: How sensitive is the method to GCI detection
errors? How does noise and the aperiodic components of speech
contribute to the ZZT representation? What are the criteria for
finding an optimal windowing function? Our further work will
also include studies on these points.
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